In this article we construct a massive theory of gravity that is invariant under conformal transformations. The massive action of the theory depend on the metric tensor and a scalar field, which are considered as the only field variables. We find the vacuum field equations of the theory and the solution of its Newtonian limit.
Introduction
The study of massive gravity started with Fierz and Pauli [1] , who constructed an action describing a free massive spin 2 particle in flat spacetime. It was realized later that the Fierz-Pauli theory coupled to a source is different from linearized general relativity in the massless limit [2] . This is known as the van Dam-Veltman-Zakharov (vDVZ) discontinuity. In order to cure this discontinuity, Vainshtein proposed adding nonlinear effects to the FierzPauli theory [3] . The Vainshtein theory, however, has an extra degree of freedom known as the Boulware-Deser (BD) ghost [4] . Some nonlinear massive gravity theories developed recently [5] eliminates the BD ghost but gives rise to local acausality [6] . This means that these theories are inconsistent at the Planck scale and therefore cannot be quantized.
A viable candidate to solve the quantization problem is a theory of gravity invariant under conformal transformations, since it is expected to be renormalizable [7] . The ideia is that the conformal symmetry of the theory restricts the number of counterterms arising from the perturbative quantization of the metric tensor. The usual procedures to obtain a conformal theory of gravity are either to adopt the Weyl action [8] or the Einstein-Hilbert action conformally coupled to a scalar field [9] .
In this article, we address a massive conformal theory of gravity based on both the Weyl action and the Einstein-Hilbert action conformally coupled to a scalar field. In section 2 we construct the massive conformal gravitational action and derive the vacuum field equations of the theory. In section 3 we analyze the Newtonian limit of the field equations. Finally, in section 4 we present our conclusions.
Massive gravity with conformal invariance
A conformal transformation is a change of the spacetime geometry that alters the length scales. The conformal transformation of the spacetime metric is defined byg
where θ(x) is an arbitrary function of the spacetime coordinates. With the help of eq. (1), it is possible to verify that the Weyl tensor
is conformally invariant, where R α µβν is the Riemann tensor, R µν = R α µαν is the Ricci tensor and R = g µν R µν is the scalar curvature. The square of the Weyl tensor leads to the unique gravitational action constructed out of the metric tensor only that is invariant under conformal transformations. It is given by
where k = 16πG/c 4 (G is the gravitational constant and c is the speed of light in vacuum). The Weyl action (3) is of fourth order with respect to the metric derivatives. However, by introducing a scalar field it is possible to construct conformally invariant gravitational actions having at most second order derivatives of the metric. The simplest of such actions reads
where ϕ is a scalar field that transforms as
under a conformal transformation. Note that the action (4) is invariant under conformal transformations after the appropriate integration of the boundary term [10] . The actions (3) and (4) are the main candidates to constitute a massive gravitational action with conformal symmetry. In analogy with other massive theories, it is expected that the mass term of a massive gravitational action be of lower order with respect to the metric derivatives than the massless term of the action. Thus the natural choice of a conformally invariant massive gravitatitonal action is given by
where α is a constant and λ = /m γ c ( is the Planck constant and m γ is the graviton mass).
Varying the action (6) with respect to g µν and ϕ in vacuum, we obtain the field equations
and ϕ − 1 6
respectively, where
is the Bach tensor,
is the Einstein tensor, and
is the generally covariant D'lambertian for a scalar field. The field equations (7) and (8) are rather intricate, and it is not easy to find any simple solution of these equations. However, the Newtonian limit of the theory yields a simple and interesting solution, as we shall see in the next section.
The Newtonian limit
Let us consider a solution of the field equations (7) and (8) of the type ϕ = constant. If we take ϕ = 2/α, for instance, eqs. (7) and (8) reduces to
and
respectively. Using eq. (13), we can write eq. (12) as
where
By imposing the weak-field approximation for the metric tensor
to eq. (14), and neglecting terms of second order in h µν , we obtain the linearized field equations
is the linearized Ricci tensor. Taking into account the Newtonian limit
where φ is the time-independent Newtonian potential, the non-vanishing components of the linearized Ricci tensor (18) reduces tō
Thus the field equations (14) in the Newtonian limit reads
where ∇ 
The constants a, b, c and λ in eq. (23) must be determined by experimental tests. Taking a = c = 0 and b = −GM in eq. (23), for instance, we find the Newtonian potential
For a = b = 0 and c = −GM, the potential (23) reduces to the Yukawa potential
Another possible solution is the modified gravity (MOG) potential [11] 
provided we identify a = 0, b = −(1+α)GM and c = αGM in eq. (23), where α determines the strength of the Yukawa potential relative to the Newtonian potential.
Final remarks
The theory presented here might play an important role on both atomic and cosmological scales. The conformal symmetry of the theory indicates that it may be renormalizable. At the same time, the modified potencial (23) can be calibrated to describe cosmological phenomena such as the galaxies rotation curves and the accelerated expansion of the universe. Although the nonlinear field equations (7) and (8) are complicated to be solved, their solutions are under investigation now and we hope they also help to construct a more complete description of gravitational phenomena. The coupling of the theory with matter fields, which is important for a complete description of the theory, will be investigated in the future.
